In this paper, we study non-trivial warped product pseudo-slant submanifolds of nearly Kenmotsu manifolds. In the beginning, we obtain some lemmas and then develop the general sharp inequalities for mixed totally geodesic warped products pseudo-slant submanifolds. The equality cases are also considered.
Introduction
The geometric inequalities of warped product submanifolds have been studied actively since Chen [] introduced the notion of a CR-warped product submanifold in a Kaehler manifold and obtained inequalities for the second fundamental form in terms of warping functions. In fact, different types of warped product submanifolds of different structures are studied for the last  years (see [] ). Recently, Sahin [] established a general inequality for warped product pseudo-slant (also named hemi-slant) isometrically immersed in a Kaehler manifold for mixed totally geodesic. Later on, Uddin, et al. [-] obtained some inequalities of warped product submanifolds in different structures. In the present paper, we extend this idea into a nearly Kenmotsu manifold and derive the geometric inequalities of non-trivial warped product pseudo-slant submanifolds which are the natural extensions of CR-warped product submanifolds. Every CR-warped product submanifold is a nontrivial warped product pseudo-slant submanifold of the forms M ⊥ × f M θ and M θ × f M ⊥ with slant angle θ = . First of all we consider non-trivial warped product pseudo-slant submanifolds of the form M = M ⊥ × f M θ and M θ × f M ⊥ such that M θ and M ⊥ are properslant and anti-invariant submanifolds. Next we establish inequalities involving the second fundamental form, slant angle, and warping functions.
The paper is organized as follows: In Section , we review some preliminary formulas, definitions and address the study of pseudo-slant submanifolds of nearly Kenmotsu manifolds. In Section , we study warped product pseudo-slant submanifolds of a nearly Kenmotsu manifold and obtain some lemmas. In Section , we define an orthonormal frame for warped product pseudo-slant submanifolds and then obtain general sharp inequalities for the second fundamental form in terms of warping functions and slant immersions.
Preliminaries
Let M be a (m + )-dimensional almost contact manifold with almost contact structure (ϕ, ξ , η) where ϕ is a (, ) tensor field, ξ is the structure vector field and η is a dual -form satisfying the following property:
On an almost contact manifold there exists a Riemannian metric g which satisfies the following:
for any U, V tangent to M. Then an almost contact manifold M equipped with a Riemannian metric g is called an almost contact metric manifold ( M, g). Furthermore, an almost contact metric manifold is known to be a
and
for any vector fields U, V on M, where ∇ denote the Riemannian connection with respect to g. Then an almost contact metric manifold M is said to be a nearly Kenmotsu manifolds 
, where h and A N are the second fundamental form and the shape operator (corresponding to the normal vector field N ), respectively, for the immersion of M intoM. They are related as
Now for any U ∈ (TM), we write
where PU and FU are the tangential and normal components of ϕU, respectively. Similarly for any N ∈ (T ⊥ M), we have
where tN (resp. fN ) are the tangential (resp. normal) components of ϕN . A submanifold M is said to be totally geodesic and totally umbilical, if
There is another class of submanifolds, which is called the class of slant submanifold. 
Furthermore, in such a case, θ is the slant angle and it satisfies λ = cos  θ .
Hence, for a slant submanifold M of an almost contact metric manifold M, we have the following relations which are consequences of Theorem .:
for any U, V ∈ (TM). Moreover, we define pseudo-slant submanifolds of almost contact manifolds by using the slant distribution given in [] . However, pseudo-slant submanifolds were defined by Carriazo [] under the name anti-slant submanifolds as a particular class of bi-slant submanifolds. The definition of pseudo-slant is as follows.
Definition . A submanifold M of an almost contact manifold M is said to be pseudoslant submanifold, if there exist two orthogonal distributions D ⊥ and D θ such that: , then M is an anti-invariant submanifold and if θ = , then M is a semi-invariant submanifold. Since μ is an invariant subspace of a normal bundle T ⊥ M, then in the case of a pseudo-slant submanifold, the normal bundle T ⊥ M can be decomposed as follows:
where μ is an even dimensional invariant subbundle of 
where the gradient grad λ is defined by g(∇λ, X) = Xλ, for any X ∈ (TM).
Warped product submanifolds
In [], Bishop and O'Neill, defined the notion of warped product manifolds to construct examples of Riemannian manifolds with a negative curvature. These manifolds are natural generalizations of Riemannian product manifolds. They defined these manifolds as follows: Let (M  , g  ) and (M  , g  ) be two Riemannian manifolds and f :
with the Riemannian structure such that 
Lemma . Let M = M ⊥ × f M θ be a warped product pseudo-slant submanifold of a nearly Kenmotsu manifold M such that the structure vector field ξ is tangent to M ⊥ . Then g h(X, PX), ϕZ = g h(X, Z), FPX
for any X ∈ (TM θ ) and Z ∈ (TM ⊥ ).
Proof Let M = M ⊥ × f M θ be a warped product pseudo-slant submanifold of a nearly Kenmotsu manifold M, then by (.), we have
Thus using the covariant derivatives of ϕ, we obtain
From the nearly Kenmotsu structure (.) and Theorem ., we derive
Thus from Lemma .(ii) and the covariant derivative of an endomorphism ϕ, we obtain
Using (.) and (.), we arrive at
Finally, using Lemma .(ii) and (.), we get g h(X, PX), ϕZ = g h(PX, Z), FX ) + g h(X, Z), FPX . (  .  )
Again for any X ∈ (TM θ ) and Z ∈ (TM ⊥ ), we have
From the fact that ξ is tangent to M ⊥ , (.), and (.), we obtain
Then from the definition of the covariant derivative of ϕ and Lemma .(ii), we can derive
Thus by using the structure equation (.) and (.) and (.), the above equation takes the form
Using Lemma .(ii), (.), and (.), we arrive at
Equation (.) and Theorem . for a slant submanifold give us
Finally, from Lemma .(ii) and (.), we derive
Thus from (.) and (.), we get
which is our final result. This completes the proof of the lemma.
Proof For X ∈ (TM θ ) and Z ∈ (TM ⊥ ), we have
From the definition of the covariant derivative of a tensor field ϕ, we get
Then from (.) and (.), we obtain
Thus from Lemma .(ii) and (.), the above equation can be written as
Since X and PX are orthogonal vector fields and considering (.), we arrive at
which is the first result of the lemma. Interchanging X by PX in (.), we get the last result of the lemma. This completes the proof of the lemma.
Lemma . Assume we have a M
for any X ∈ (TM θ ) and Z ∈ (TM ⊥ ), where the structure vector field ξ is tangent to M θ .
Proof From (.), and (.), we get
Using the property of a Riemannian connection and the covariant derivative of an endomorphism, we derive
Thus from the fact that in a nearly Kenmotsu manifolds (ξ ln f ) =  [] and from Lemma .(ii), we arrive at
which is the first part of the lemma. The second part of the lemma can easily be found by interchanging X by PX in the above equation. This completes the proof of the lemma.
4 Inequalities of warped product submanifolds 4.1 Inequality for a warped product pseudo-slant submanifold of the form
In this section, we obtain a geometric inequality of warped product pseudo-slant submanifold in terms of the second fundamental form such that ξ is tangent to the antiinvariant submanifold and the mixed totally geodesic submanifold. First of all we define an orthonormal frame for later use. Proof The squared norm of the second fundamental form is defined as
Since M is mixed totally geodesic, for any Z, W ∈ (TM ⊥ ) and X ∈ (TM θ ). The above equations imply that M ⊥ is totally umbilical in M, so the equality holds. This completes the proof of the theorem.
